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The present study explores some issues concerning the operational performance of pulsed detonation engines.
Zero-, one-, and two-dimensional transient models are employed in a synergistic manner to elucidate the various
characteristics that can be expected from each level of analysis. The zero-dimensional model provides rapid para-
metric trends that help to identify the global characteristics of pulsed detonation engines. The one-dimensional
model adds key wave propagation issues that are omitted in the zero-dimensional model and helps to assess its
limitations. Finally, the two-dimensional model allows estimates of the � rst-order multidimensional effects and
provides an initial multidimensional end correction for the one-dimensional model. The zero-dimensional results
indicate that the pulsed detonation engine is competitive with a rocket engine when exhausting to vacuum condi-
tions. At � nite back pressures, the pulsed detonation engine outperforms the rocket if the combustion pressure rise
from the detonation is added to the chamber pressure in the rocket. If the two peak pressures are the same, the
rocket performance is higher. Two-dimensional corrections added to the one-dimensional model appear to result
in a modest improvement in predicted speci� c impulse over the constant pressure boundary condition.

Introduction

P ULSED detonation engines (PDEs) are intermittent propul-
sive devices that produce a periodic impulse by detonating a

fuel/oxidizer mixture placed inside one or more long narrow tubes
that are closed on one end and open on the other. The cyclic process
that describesthe PDE operationcomprisesseveralparts. In the � rst,
fuel and oxidizer are introduced into the tube through valves in the
closed end or along the length of the tube. This injection process
must ensure rapid and reasonably uniform mixing for a detonation
to be sustained. As soon as the fresh charge of propellants � lls the
tube, a detonation is initiated from some point in the tube. This det-
onation sweeps through the tube converting the cold propellants to
hot combustion products. Because the detonation propagates at a
few kilometers per second, the resulting combustion process is ac-
complishedat essentiallyconstantvolumeconditionsand providesa
substantial pressure increase (nearly an order of magnitude) above
the original pressure in the tube. After the propellants have been
consumed, there follows a blowdown phase during which the hot,
high-pressure gases are allowed to exhaust to ambient through the
open end to produce the impulse that provides the propulsivethrust.
This expansionprocess brings the tube back to its initial state, com-
pleting the periodiccycle.The ensuingpropellant� ll phase removes
the residual hot gases as it again � lls the tube with fresh propellant.
In general, a region of buffer gases must be placed between the
hot exhaust products and the newly entering propellant charge to
prevent premature ignition or detonation.

The constant volume combustion process and the companion
pressure increase generated by the detonation represent attractive
attributes for any propulsion system. Because of these characteris-
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tics, PDEs have emerged as a possible alternativepropulsionsystem
for aircraft,missile, and rocket applicationsand are currently the re-
cipient of considerabledevelopment effort.1¡8 As these implemen-
tations suggest, both airbreathing and nonairbreathing (rocketlike)
versions of PDEs are envisioned. Many of the development issues
associated with PDEs arise from the unsteady character of their
� ow� elds.

Most of the corporate experiencein the propulsion � eld has dealt
with steady � ow processes so that propulsion engineers are more
conversant with steady � ow analyses and measurements than with
highly transient processes. The unsteady character of PDEs there-
fore representsa major departure.Although simple operationalver-
sions of a PDE can be easily constructed, the intermittent nature
of the PDE renders the experimental measurement of performance
considerably more complex than that of a companion steady � ow
device. Experimental measurements must provide high-frequency
responsewith an absenceof long-termdrift to documentthe impulse
generatedduring each pulse, even though the ultimateuse of this in-
formationis to determinethe time-averagedthrust.Similarly, the an-
alytical techniques that are used to model the PDE are substantially
different from the familiar steady � ow tools that are used in most
propulsion applications. The unsteady character of PDE operation
makes computational � uid dynamics (CFD) analyses particularly
attractiveas a means for understandingthe dominant characteristics
of representative engine operation. Clearly the CFD analyses re-
quire carefulexperimentalvalidation,but the inherentdif� culties of
making accurate measurements in this highly transient, wave-� lled
� ow are also noted.

CFD analysesof PDEs representonly one aspect of a spectrumof
analytical tools that are needed to provide guidance and evaluation
during the development program, as well as to estimate their ulti-
mate bene� t. This spectrum of tools ranges from fast turn-around
approximate analyses that can be used for preliminary design pur-
poses to high-� delity CFD tools that elucidate details of operation.
In addition,the variousanalysis tools areuseful forvalidatingand/or
providing corrections for each other while also providing guidance
for companion experiments. The experiments, in turn, provide the
ultimate validation of the analytical tools. In the present paper, we
consider a spectrum of analytical tools of varying levels of � delity
to address the performanceand operationalcharacteristicsof PDEs.
Speci� cally, we consider zero-dimensional, one-dimensional, and
two-dimensionalanalyses. All three levels of modeling involve un-
steady processes, but require very different resources. A key goal
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is to integrate these different models in such a manner that they
complement and augment each other.

A detailed assessment of PDE performance is necessary because
of a continuing uncertainty in this area. Early estimates of speci� c
impulses reported in the literature differed by more than a factor
of two,7 and, although these differences are being resolved, there
remains some disagreement. One prime reason for the uncertainty
in performance is simply because it is dif� cult to compare steady
and unsteadyprocesseson a common basis. A second major issue is
that the manner in which the detonationpressure rise is incorporated
into the cycle has a substantial impact on the performance relative
to steady systems such as gas turbines or rockets. If the two sys-
tems are compared at the same peak pressure, the compression or
pumping characteristicsof the PDE can be reduced.This, of course,
should give a weight and cost advantage to the PDE, but it does not
give it a performanceadvantage.Alternatively, if the same pumping
capability is included in both systems, the PDE will have a higher
peak pressure that should transfer into an advantagein performance.

In the following sections we � rst outline the three levels of anal-
yses and then give brief details of the zero-dimensional approxi-
mation along with correspondingresults. We then present � ow� eld
results from the two-dimensionalanalysis and use them to attempt a
multidimensionalend correction for the one-dimensionalmodel. In
the � nal section we estimate the performancecorrectionsgenerated
when this multidimensionalend correction is used. Our analyses in
the present paper are limited to single-tube operation under ideal
conditions. Practical implementations of PDEs are expected to use
multiple tubes manifolded together through common inlet and ex-
haust systems. CFD analyses appear particularly well suited for
understanding the interaction between such multitube PDEs. Loss
mechanisms include incomplete combustion due to partial mixing,
effects of � nite detonation initiation lengths, premature combustion
arising because the incoming gases are preheated by the hot walls,
and lossesassociatedwith valves,mixing,adjacentdetonationtubes,
and related issues.

Analytical Modeling of PDEs
The � ow processes in a PDE are inherently unsteady in char-

acter and clearly require a transient analysis. The degree of � -
delity of that analysis, however, depends on the particular features
that are of interest. Certainly most phenomena have multidimen-
sional features, but often the dominant effects can be replicated
in a lower number of dimensions. Other processes require a fully
three-dimensional analysis. For example, detonation initiation re-
quires full three-dimensional effects, but the propagation of a det-
onation, and its pressure and temperature rise, can be accurately
modeledinonedimension.9 Thus, once thedetonationis established,
one-dimensionalanalyses become useful.

In a contrastingexample,analysisof thedetailedcell structureof a
detonationalso requires a three-dimensionalmodel, but if this same
three-dimensional analysis is extended to modeling the multipulse
characteristics of a PDE, the computational requirements become
impractical. The use of a lower-level model is mandatory if results
are to be obtained in an acceptable time frame.

An important issue in PDE research is to identify those features
that can be treated by the simpler analyses and those that require
higher-level analyses. It is also important to estimate the errors in-
curred when simple models are used and to provide corrections
where appropriate. For conventional, steady-� ow engines, these
tasks are currently well in hand. Similar understanding is neces-
sary for PDEs. In the present study we contrast three different levels
of analyses as a � rst step toward identifying the contributions that
each can make to PDE development.

Zero-Dimensional Unsteady Model
The simplest model of a PDE is a zero-dimensional analysis in

which the � ow propertiesin the detonationtube are takenas uniform
in space, but unsteady in time. This approximation is appropriatein
the limitwhen theacoustictransit time throughthedetonationtube is
small comparedto the blowdown time.10 In this limit, many acoustic
waves pass through the tube before the mean quantities change ap-

preciably.Although comparisons against a one-dimensionalmodel
are necessaryto verify that both give similar results in the fast acous-
tic limit, the zero-dimensionalanalysisprovidesa useful� rst assess-
ment of PDE operating characteristics. For selected conditions, it
also allows closed-form solutions that provide much-needed per-
tinent functional dependencies. Under more general conditions, it
requires only the integration of a single time evolution equation.
These features make the zero-dimensional model appropriate for
providing global understanding,and such a model should be useful
in preliminarydesignapplicationswhere the interest is in comparing
a large number of cases in a short time.

In the zero-dimensional approximation, the detonation propa-
gates through the tube instantaneouslyso that the PDE cycle analy-
sis simpli� es considerably.The primary task in modeling the cycle
then consistsof simulatingtheblowdownfroma chamber � lled with
burned products at high pressure. The � ll process that prepares the
chamber for the next detonation can be treated as an instantaneous
process or as a second zero-dimensionalprocess. In the present re-
sults, we consider only the blowdown step. Initial results of this
nature have been previously presented by Talley and Coy,10 and we
follow their approach closely.

The zero-dimensionalblowdown process is governed by the un-
steadyenergyequation,which stipulatesthat the time rate of change
of the total (extensive) internal energy in the chamber is equal to the
product of the mass � ow rate times the chamber enthalpy,

dE

dt
D ¡ Pmh (1)

Combining this relation with an appropriate equation of state and
pertinent gas properties allows us to de� ne the complete transient.
For the equation of state, we choose the perfect gas law, p D ½RT ,
and for ease of formulation, we use constant speci� c heats and a
speci� ed heat release. Although the constant properties cause the
resulting predictions to be only qualitatively accurate, they can be
calibrated by comparison with rocket engine predictions based on
similar physics.

As long as the nozzle throat remains choked and the � ow in the
divergent section (if one is present) remains supersonic to the exit
plane, it is possible to obtain a closed-form solution. The variation
of chamber properties with time is obtained by assuming an adia-
batic blowdown process. This yields the following expression for
the speed of sound in the chamber at a given time:

c D ci=.1 C ¯ t/ (2)

where the time t is zero at the start of the blowdown process (just
after the detonation wave reaches the exit), the subscript i denotes
initial condition, and ¯ is given by

¯ D
©
[.° ¡ 1/=2][2=.° C 1/].° C 1/=2.° ¡ 1/

ª
.1=¿ / (3)

where ° is the ratio of speci� c heats;¿ , the characteristicblowdown
time, is de� ned as V=[A¤p

.° RTi /]; V represents the volume up-
streamof the throat; A¤ is the throat area;Ti is the initial temperature
in the chamber; and R is the gas constant. The chamber properties
can be expressed in terms of c=ci from Eq. (2). The impulse I and
the total mass out� ow m from the chamber can be expressed as
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m D .pi=RTi /V
©
1 ¡ .1 C ¯ t/¡2=.° ¡ 1/

ª
(5)

For the special case of a thruster exhausting into vacuum, the
pressure–area terms disappear, the out� ow remains supersonic for
all time, and, at the in� nite blowdown time limit, the speci� c im-
pulse Isp D I=.mg/, where g is the acceleration due to gravity, has
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a simple form. Denoting this value by Isp¡tr and the corresponding
value for the steady-state rocket by Isp¡ss, we have

Isp¡tr=Isp¡ss D [2=.° C 1/]
p

Ti =Tc (6)

where Tc is the temperature in the conventional rocket chamber.
Note that Tc is lower than Ti . The temperature of products after
detonationhas swept throughbecausethe detonationprocessresults
in a higher temperature than that which is obtained with constant
pressure combustion. This result [Eq. (6)] holds for converging–

diverging nozzles of any expansion ratio. The � rst term is clearly
less than unity, whereas the square root term is larger than unity
because the temperature behind the detonation, Ti , is larger than
that in the rocket, Tc (assuming the same propellant ratio). Overall,
the product of these two quantities is near unity, implying that the
speci� c impulses of the two systems at vacuum are comparable.
Thus, at zero backpressure, where the chamber pressure does not
impact the speci� c impulse, the performance of the PDE does not
exceed that of a conventional rocket engine.

At � nite backpressures, the speci� c impulse does depend on the
chamber pressure, and the relative performance of the two engines
may be expected to differ. In addition, � nite backpressure compli-
cates the analysis because the � ow in the nozzle can now become
subsonic.For the unsteadycase for which the chamber pressure de-
creaseswith time,any� nitebackpressurewill eventuallylead to sub-
sonic(andunchoked) � ow if theexpansionis allowedto continuefor
a suf� cient time. For the steadycase, the � rst appearanceof subsonic
� ow will depend on the nozzle expansion ratio and the chamber to
backpressure ratio. Although the preceding-closed-form equations
could, in principle,be extended to this more generalcase, it is easier
to integrate the energy equation directly by numerical means.

For purposesof numericalsolution,theenergyequationcaneasily
be manipulated to give a differential equation for pressure:

dp

dt
D ¡

p
° RT0

V

° pAM
p

T0=T

In this expression,T0 is again a constant and the remainingpressure
and temperatureterms are evaluatedat chamberconditions,whereas
the area and the Mach number are evaluatedat the throat. As long as
the exitplane remains supersonic,the numericalresultsduplicatethe
closed-formsolution. Once a shock wave appears in the nozzle, the
results start to differ.The shock wave appears at the exit plane when
the chamber pressuredrops to the point where a shock at the nozzle
exit just causes the exit pressure to reach the ambient pressure.This
starts the propagationof the shock throughthe nozzleto the throat, at
which time thenozzleunchokesand themass � ow starts to decrease.

Representativeresultsobtainedfrom thenumericalsolutionof the
zero-dimensionalequation are summarized in Figs. 1 and 2 for two
contrasting sets of conditions. Figures 1 and 2 present the speci� c
impulseof both systems as a functionof nozzle expansionratio for a
seriesof backpressures.Five differentbackpressuresare considered:
vacuum, 0.01, 0.1, 0.2, and 0.5 atm. The corresponding chamber
pressuresare either 10 or 1.25 atm as noted hereafter. In both cases,
the speci� c impulse assumes that the oxidizer is carried on board.

Figure 1 shows the speci� c impulse for both systems for the
case where the initial pressure is the same in both the PDE and the
rocket (10 atm) whereas the temperature in the PDE is 20% higher
than that in the rocket (2800 vs 2330 K). This case corresponds to
the situation in which the pump used in the PDE involves a lower
pressure rise than that in the rocket so that the peak pressures in
both systems are comparable. The higher initial temperature for
the PDE is indicative of the difference between a detonation and a
de� agration. The results on Fig. 1 show that at vacuum conditions,
the two systems give nearly identical performance, in agreement
with the closed-form result. At � nite backpressures, the rocket Isp

always exceeds that of the PDE.
The results in Fig. 2 simulate conditionswhere pumps involving

the same pressure size are used in both engines. The combustion
pressure rise is used to raise the peak pressure in the PDE above
that in the rocket. Here we have used a factor of eight for this ra-
tio. The initial PDE pressure is again 10 atm, whereas the rocket

Fig. 1 Comparisonof speci� c impulse for PDE and steady-staterocket
based on zero-dimensionalanalysis:pi = pc = 100,000N/m2 , Ti = 2800K,
Tc = 2330 K; curves starting from the top represent vacuum, 1000 N/m2;
10,000 N/m2; 20,000 N/m2; and 50,000 N/m2, respectively (——, PDE
and – – –, steady-state rocket).

Fig. 2 Comparison of speci� c impulse for PDE and steady-state
rocket based on zero-dimensional analysis: pi = 100,000 N/m2 , pc =
12,500N/m2, Ti = 2800 K, Tc = 2330 K; curves starting from the top rep-
resent vacuum,1000N/m2; 10,000N/m2; 20,000N/m2; and 50,000N/m2,
respectively (——, PDE and – – – , steady-state rocket).

chamber pressure is 1.25 atm. As before, the temperatures are 20%
apart. Comparison with Fig. 1 veri� es that the results at the vacuum
conditionare unchangedby the change in pressure, and the two sys-
tems again give nearly identicalperformance at vacuumconditions.
The impulse for the PDE at � nite backpressures, however, is now
substantiallyhigher than that for the rocket.

Comparing the results in Figs. 1 and 2, we note that the monoton-
ically decaying pressure in the PDE results in an average pressure
that is lower than its initial value. Consequently, unless the PDE
starts at a substantially higher pressure than the rocket, it will pro-
vide lower performance at � nite backpressures. The advantage of
the detonation is that it provides suf� cient pressure rise to allow
improvement.
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The zero-dimensional results give a quick overview of the com-
parative performance of the PDE and the rocket. The key issues
relate to the reliability of the zero-dimensional approximation, the
potential effects of multipulse operation at various periods, and the
differences that are encountered as the complexity of the model
is increased. The next logical step is the introduction of a one-
dimensionalmodel. Our initial one-dimensionalresults suggest that
wave dynamics continue to have an impact on PDE performance as
the acoustic time is shortened,but de� nitivecomparisonsare not yet
available.Becauseone-dimensionalresultshavebeenpreviouslyre-
ported elsewhere,11;12 we here turn directly to the two-dimensional
solutions. We then return to the one-dimensional model and as-
sess the impact that these two-dimensional results have on the one-
dimensional solutions.

Two-Dimensional Flow� eld Modeling
Multidimensional effects are present in nearly every aspect of

PDE operation. As noted earlier, however, a full multidimensional
analysis of the entire PDE cycle under periodic conditions (which
requires the computation of several cycles to ensure that periodic
conditions have been reached) is computationallyvery intensive. It
is, nevertheless, crucial to attempt to identify those key processes
that are inherently multidimensional, causing the one-dimensional
approximations to be severely impaired.

In the past, Ebrahimi and Merkle have addressed several such
multidimensional effects.13 The results show that most of these
multidimensional phenomena have little impact on the global char-
acteristics of the results. For example, the effects of initiating the
detonation in a two-dimensional manner are largely obliterated as
the detonationrapidly approachesa globally one-dimensionalchar-
acter. Similarly, the effect of including internal geometry variations
in the head end region again has little in� uence on the overall prop-
agation of the detonation. Finally, the presence of heat conduction
from the walls during the � ll process does not lead to signi� cant
precombustion in our simulations.

In the present paper we consider the signi� cance of multidimen-
sional expansion at the open end and extend these � ndings to our
one-dimensional model to provide an assessment of how multidi-
mensional corrections can be incorporated into a one-dimensional
model. We � rst present the two-dimensionalresults and then turn to
their one-dimensionalimplications.

Two-Dimensional Effects at an Open End
The classicalconstantpressureboundaryconditionat an openend

is clearly only an approximation to the complete multidimensional
effects that are encounteredwhen a disturbance reaches the end of a
tube. The most appropriate way to treat this boundary is to include
the external region in the computational domain so that the open
end becomes an internal part of the computational domain.4;14 To
assess the degree to which this simpli� ed boundary condition im-
pacts one-dimensionalpredictions, we present some representative
two-dimensional computations that include a large external region
outside the detonation tube in addition to the internal region. The
external portion of the computational domain allows us to capture
the approximatelycylindricalshockwave that is generatedwhen the
detonationarrives at the open end of the tube. The two-dimensional
solutionsproducea nearly one-dimensional� ow� eld inside the det-
onation tube, but the propagation of the shock wave in the external
domain changes the local pressure around the tube opening sub-
stantially in the initial time following the arrival of the detonation.
The detonation sets up an external shock wave that initially starts
as a planar wave over the tube area, but begins to approximate a
cylindrical shock as it propagates away from the nozzle exit plane.

The computationaldomainand thedetonationtubegeometryused
for the two-dimensional results reported herein are given in Fig. 3.
Because our focus is on the effects of external conditionson the in-
ternal � ow� eld, we use a relativelyshort detonationtube of 102 mm
in length by 20 mm high. (Results for an even shorter tube are pre-
sented elsewhere.13) As Fig. 3 indicates, the external domain was
approximately four times the length of the tube (380 mm in length
by 560 mm high) to enable computations to be extended for a rea-

Fig. 3 Computationaldomain and detonation tube geometry for two-
dimensional exit-plane study.

sonable time. The detonation tube was approximately centered in
this externaldomain (see Fig. 3). The top-to-bottomsymmetryabout
the midplane was used to reduce computational costs. A uniform
grid of nominally 0.4 mm was used inside the tube with slightly
smaller sizes near the exit plane. The external grid used cells of ap-
proximately 1.0 mm near the tube boundaries with mild stretching
toward larger sizes in the upstream and downstream directions.

A brief critique of this isolated PDE problem depicted in Fig. 3
places the resultingobservationsin context.The isolateddetonation
tube is clearlynot a practicalsituation.MostPDE installationswould
be composed of several detonation tubes clustered together, so that
each tube would have near neighbors whose exhaust would impact
each other.Similarly, the PDE installationwould almost certainlybe
adjacent to a vehiclesurfacethatwouldalso re� ect theexternalwave
backonto the tubeexit.Finally, theexternaldomainonly impacts the
internal � ow� eld when the � ow exiting the detonationtube remains
unchoked.As noted in the zero-dimensionalresults, it is imperative
to operate PDEs at pressure levels at least as high as those used
in conventional engines so that the percentage of time spent with
unchokedout� ow will likely be small. Nevertheless,the presentcal-
culationsserve to estimate the approximateimpact that multidimen-
sional effects at the exit plane could have in this idealized situation.

The detonation in the two-dimensionalcalculationswas initiated
by a high-pressure/temperature region 10 mm in length that ex-
tended across the entire tube cross section. The initial temperature
in this region was 3000 K, and the initial pressure was 30 atm. Ini-
tial conditionsin the remainderof the domain (externaland internal)
were 300 K and 1 atm. The internal � uid was takenas a stoichiomet-
ric mixture of hydrogen and oxygen, and the external environment
was taken as pure oxygen. The two-dimensional simulation corre-
sponds to a � rst-pulse detonation in the tube with quiescent initial
conditions throughout the domain. In the periodic case, the � uid
inside the tube would have residual motion and pressure gradients
from the previouspulse, and the environmentoutside the tube would
also contain disturbances.

The computationwas stoppedjust aftertheexternalshockreached
the outer boundary. The total time simulated was approximately
0.45 ms and extended just beyond the time at which the � ow at the
PDE exit plane reversed from out� ow to in� ow. At this time, the
external shock was some 35 tube half-heights away from the PDE
exit plane in downstream, upstream, and transverse directions. We
note that the 0.45-ms time is short in comparisonwith practicalPDE
cycle times of nominally 100 pulses per second (10-ms period).6;8

Nevertheless, it represents a compromise between simulating the
dominant physics and maintaining practical computation times.
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Fig. 4 Time history of Mach number contours with viscous effects and
� nite rate chemistry.

Fig. 5 Time history of pressure contours with viscous effects and � nite
rate chemistry.

The two-dimensional computations included complete hydrogen–

oxygen kinetics. Further details of the computational method are
given in Ref. 15.

Two-Dimensional Results
Figures 4 and 5 showMach number and pressurecontoursin both

the internal and external � elds for a sequence of eight time instants.
In the � rst frame thedetonationis approachingtheend of the internal
tube whereas in the last the externalshock has just reached the outer

Fig. 6 Exit Mach number for periodic operation; solid line cor-
responds to time-varying backpressure, dashed line corresponds to
constant backpressure.

boundary.As notedearlier, the computationcorrespondsto an initial
pulse. The results of this initial pulse enable easier interpretation
of events and require a much smaller computational domain and
computer time comparedto a multiple-pulsecase.The same contour
levels are used in all frames so that the decay of the peakvalues with
time is visible.

Frame A of Figs. 4 and 5 shows the Mach number and pressure
contoursbefore the detonationhas reached the end of the open tube.
These solutions at this time instant are in good agreement with a
one-dimensional computation and show the characteristic features
common to such solutions.4;6;7

Frame B of Figs. 4 and 5 shows conditions just after the detona-
tion has emerged from the tube. Because the ambient gas contains
no fuel and the burned gas is stoichiometric, the detonation decays
to a shock wave as it moves outside the tube. The shock wave is
highly curved and nearly cylindrical at the top and bottom edges of
the tube whereas the remainderof the shock front is nearlyplanar. In
frame B, we see the � rst deviationsfrom a classicalone-dimensional
solution. The pressure inside the shock is much higher than ambi-
ent, and so the velocity at the exit plane is subsonic over the entire
passage. In the one-dimensional approximation based on the con-
stant pressure boundary condition, the exit Mach number instan-
taneously reaches the sonic value when the detonation reaches the
exit and stays choked until the internal pressure decays suf� ciently
(discussed later and illustrated in Fig. 6). In the two-dimensional
solution, the Mach number pro� le behind the detonation remains
almost unchangedwhen the detonation reaches the exit because the
externalcompressionis similar to that observed inside the tube.The
only region in which the two-dimensionalMach number reaches the
sonic velocity is in a very small region near the upper and lower cor-
ners where the � ow is essentially expanding in shock-tube fashion.

In frames C and D, the external shock has progressed appprox-
imately one-half and one tube heights away from the exit plane,
respectively.Again the � ow remains subsonic over most of the exit
plane, and the pressure at the exit plane remains much above the
ambient level. These frames also show that the shock is traveling
forward along the outside of the tube and enveloping the exit plane
to shield it from external conditions. The essentially planar shock
shape in frame B is now approaching a cylindrical shape. As the
shock distancebecomes much larger than the tube height, the exter-
nal shock spreads in all directions, similar to a shock created from
the point source. However, a noteworthy contrasting feature is the
directivity associated with the shock strength, which is maximum
along the extended axis of the detonation tube.

In frames E and F, the shock has traveled approximately one and
one-half and two tube heights past the exit plane. Note that it has
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propagated a similar distance in the directions normal to the tube
and back upstream along the outer surface. The effects of the out-
� ow from the tube, however, are maintaining a stronger shock in
the downstreamregion than in the transverse and upstream regions.
Again, the Mach number at the exit plane remains subsonic across
the entire duct. There are two supersonic regions on the centerline,
but they are both downstream of the exit plane. Detailed inspection
of the pressure inside the tube indicates that the entire tube and
all of the gas inside the shock is at a pressure that is substantially
aboveambient(around6 atm). It is the presenceof thishigh pressure
outside the tube that keeps the out� ow subsonic.Although these ob-
servationsare quite differentfroma correspondingone-dimensional
result, we do note that the present plot corresponds to a very early
time in a PDE cycle and that the time interval represented by these
frames will be a small fraction of a typical time period.

As time increases, the shock continues to propagateoutward.The
pressure immediately behind the shock decreases slowly with time
as the shock weakens because of the two-dimensional expansion,
but the pressurenear the exit planedecreasesrapidlybecausethe gas
is moving radially outward. RepresentativeMach number contours
for a time at which the shock has traveled about two and one-half
tube heights are given in frame G. At this time, the pressure out-
side the exit has decreased to approximately two atmospheres, but
the out� ow remains subsonic.Nevertheless,the Mach number at the
exit plane is increasing slowly. The Mach number on the centerline
outside the tube shows very strong axial gradients resulting from
the cylindrically expanding shock wave.

The � nal frame given in Figs. 4 and 5 again shows subsonic � ow
at the exit plane, but in the interim between frames G and H, the
exit � ow has gone supersonic (to about M D 1:2) across the entire
duct exit plane. It is now rapidly decreasing and will soon reach
in� ow conditions. The pressure at the exit plane of the tube has
actually decreased below ambient pressure, but the � ow remains
outward because the pressureoutside the tube is even further below
ambient.Also note that at this time the external � ow has propagated
all of the way to the upstream end of the tube, and there is a wide
zone of � ow going in the upstream direction. This external � ow
will gradually decay, but signi� cant disturbanceswill likely remain
beyond the time for the next PDE pulse. This will result in detailed
changes in the interaction between the external surface of the tube
and theexternalenvironment.Perhapsmore importantly,the present
computations imply that the detonation tube is isolated in space
and that there are no external surfaces (from a vehicle or a second
detonation tube) that would disrupt this external shock and re� ect it
back toward the exit plane.

Multidimensional End Corrections
for One-Dimensional PDE Analyses

As a means of incorporating the leading-ordermultidimensional
end correctionsinto a one-dimensionalmodel, the two-dimensional
solutionshave been used to specify a temporallyvaryingpressureat
theexitplane.For this thepressureacrosstheexitplanewas averaged
at each instantof time andusedasa time-varyingboundarycondition
for the one-dimensionalproblem. Throughout the two-dimensional
computation, the pressureat the exit plane remained nearly uniform
across the tube except for the gradients at the outer edges noted
earlier. The average pressure, therefore, is approximately equal to
the local pressureover most of the tube crosssection,suggestingthat
an averagingprocess is reasonable.Furthermore, the � ow inside the
tube remained essentiallyone-dimensionalthroughoutthe solution.
The combination of a nearly uniform pressure and approximately
one-dimensional internal � ow suggests that the pressure boundary
condition should incorporate many of the two-dimensional effects
into the one-dimensionalmodel. In addition, comparisons between
one-dimensionalsolutions based on the spatially averaged pressure
and the centerlinevalue were in close agreement, further supporting
this conclusion.

The lengths of the tube and the detonationinitiation region in the
one-dimensionaldomain were chosen identical to those used in the
two-dimensionalcomputation to make the two results as similar as
possible. One difference between the two computations, however,

was that the two-dimensional results included complete chemical
kinetics effects, whereas the one-dimensionalmodel used a single-
step, globalmodel. This differenceappeared to introducesome vari-
ation in the acoustic transit times through the tube as is noted later.

Because the two-dimensionalcomputationswere only for a � rst-
pulse conditionand extended for only 0.45 ms, a mathematical con-
tinuation was required to specify the downstream boundary con-
dition over the entire cycle. As a means of generating a smooth
transition from the � nal pressure in the two-dimensional solution
back to the ambient pressure, we added an exponential function
to the end of the two-dimensional results. The time constant used
in this exponential relaxation was varied, and a series of computa-
tions was made where only a portion of the two-dimensional so-
lution was enforced as a boundary condition to test the sensitivity
to this extrapolation procedure. For multipulse computations, this
extended pressure–time signal was replicated in periodic fashion
to each successive pulse in the computation. One-dimensional pre-
dictions based on this time-varyingbackpressurewere obtained for
several different PDE cycle times to ascertain effects of varying the
period. For all solutions, a constant pressure boundary condition
was used as a reference case.

The spatially averaged pressure taken from the two-dimensional
solution is given in Fig. 7 along with the exponential relaxation
function with a characteristic relaxation time of 0.1 ms. The two-
dimensionalportionof thecurvelieson the left sideofFig. 7 between
t D 0 and 0:45 ms. The remainderof thecurve shows the exponential
relaxation back to ambient conditions.

Figure 7 clearly shows that the pressure jumps to approximately
10 atm as soon as the shock emerges from the tube. For approxi-
mately the next 0.3 ms the exit pressure remains higher than ambi-
ent because of the effect of the expanding external shock (seen in
Figs. 4 and 5), although it is decreasing rapidly during this time in-
terval. For the remainder of the two-dimensional computation, the
pressure is below the atmospheric pressure. For convenience, we
refer to this as the suction phase. At the end of the two-dimensional
solution (t D 0:45 ms), the pressure at the exit plane is at approxi-
mately 0.7 atm, although as Fig. 7 shows, a minimum pressure has
been reached and the pressure is slowly starting to increase again.
We note that the � ow at the exit plane does not reverse and generate
in� ow until approximately 0.40 ms, a considerable time after the
pressure has dropped below the atmospheric level.

The relaxationportionof the curve shown on Fig. 6 (time constant
0.1 ms) appears to be a reasonable choice. The exponential curve
smoothly brings the pressure back to ambient before the end of the

Fig. 7 Time-varying exit pressure boundary condition used to sim-
ulate multidimensional end correction in one-dimensional solution.
Left portion (t < 0:45 ms) represents results obtained from the two-
dimensional solution; right portion represents exponential relaxation
back to ambient. Time constant, 0.1 ms; period, 1 ms; and ambient
pressure, 1 atm.
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period. Note that for the longer cycle times (2 and 5 ms) this same
exponentialcurve was followed, so that the pressurewas essentially
atmospheric for the lengthened portions of the cycle. Several alter-
native extrapolation conditions were tested. Results are presented
hereafter from computations with a relaxation time of 0.01 ms (the
extendedcurvetransitionsratherabruptlyfrom the two-dimensional
result to ambient conditions) and with the two-dimensionalsolution
terminated at the point where the pressure � rst reduces to the ambi-
ent value and is taken as constant from there on, that is, there is no
suction phase.

As a � rst indication of the effect of the time-varying (two-
dimensional) boundary condition on the solution, we present the
exit Mach number variation throughout a period for the two cases.
These results are for a cycle time of 1 ms, and the detonationtube is
operatingunderperiodicconditions.Thereare two majordifferences
between the two curves. First, the constant pressure case remains
choked for approximately the � rst 0.3 ms of the cycle, whereas the
time-varying backpressure case becomes sonic for only an instant.
The reason is that the detonationraises the pressureat the exit plane
by a substantial amount (refer to Fig. 7). Including the effects of
the external shock increases the pressure immediately outside the
tube, and so the � ow stays subsonic in the varyingpressurecase. By
contrast, enforcing the ambient pressure when the exit pressure is
this high forces the � ow to choke. The second effect is that the con-
stant pressure solution shows a long period of reverse � ow whereas
the varying pressure shows only a momentary � ow reversal. This
again is a direct result of the suction pressure region in the two-
dimensional solution.

The effect of these two different boundary conditions on the Isp

gives an effective integrated measure of their importance to the
overall cycle. A comparison of the speci� c impulse computed from
these two one-dimensional solutions is given in Fig. 8 for three
different cycle times, 1, 2, and 5 ms. There are four curves shown in
Fig. 8. The bottom two are the cases of main interest. The ambient
pressure boundary condition results in the lowest speci� c impulse.
At all three periods, the varying (two-dimensional) backpressure
results in an improvement of approximately 3–5%.

The remaining two curves in Fig. 8 offer additional insight into
this varyingbackpressureeffect. The � rst of these two curves corre-
sponds to the two-dimensionalbackpressurewith a faster relaxation
time (characteristic time 0.01 ms). This relaxation curve terminates
the suction region almost immediately after the two-dimensional
portion of the curve and returns the pressure to the ambient value.
The � nal result in Fig. 8 is for a computation that has no suction

Fig. 8 Comparison of time-varying and steady boundary conditions
on speci� c impulse as a function of cycle time; the value of ´ denotes
the percentage of fuel burnt and is indicated when it is below 100%
(this occurs for 1.0-ms period for all cases) due to unreacted propellants
exiting the chamber.

region at all. As soon as the two-dimensional solution reaches am-
bient pressure level, it is replaced by a constant ambient pressure
conditionfor the remainder of the cycle.The results in Fig. 8 show a
monotonic increase in Isp with a decrease in suction pressure (apart
from the constant ambient pressure case). This is at � rst surprising
because reducing the pressure below ambient decreases the amount
of reverse � ow. (This can be veri� ed by comparing exit Mach num-
ber curves.) The difference, however, is that the subatmospheric
pressureon the exit plane correspondsto a pressuredrag that causes
a thrust penalty just like the momentum in� ow (which occurs when
the exit pressure equals ambient) does.

We emphasize that the 0.1-ms relaxation case in Fig. 8 is the
most justi� able. It appears to be a better extrapolation of the two-
dimensional solution than the 0.01-ms case, and it uses all of the
two-dimensional results whereas the zero-suction curve omits part
of them. As noted, the two-dimensional effects appear to have a
modest positive effect on Isp. (Note that in steady � ow, multidi-
mensional effects almost always decrease Isp.) We also remark that
the results of a series of additional one-dimensional computations
with minor changes in the parameters suggest that the effects of the
two-dimensional boundary condition are quite sensitive to getting
everything right. Changing the percent � ll when the varying pres-
sure is used has a larger effect on Isp than when constant pressure
boundary conditions are used. (The present results represent con-
ditions where the tube is essentially 100% � lled with propellants
at detonation arrival. Previous results11 indicate that partial � lling
improves Isp in many cases, although it simultaneously decreases
thrust.) The added sensitivity to � ll ratio appears to be such that,
when, the tube is partially � lled, the detonation decays to a shock
before it emerges from the tube, and the initial overpressureis much
smaller than observed in the present full-tube detonations. Conse-
quently, the variable pressure boundary condition should be scaled
to re� ect this weaker disturbance. In addition, one-dimensional re-
sults indicated that the application of the varying pressure condi-
tions resulted in more rapid change in the Isp when the length of the
initiation region was changed.

As a � nal check on our end correction,we compare results for the
exit Mach number for the one-dimensional solution with that from
the two-dimensional solution. To keep the comparison as meaning-
ful as possible, we do this comparison for the � rst pulse condition.
The results are given in Fig. 9. Comparing � rst the one-dimensional
solution with the two-dimensional results, we see that the two
dimensional solution remains choked for approximately twice as
long as the one-dimensional result based on the two-dimensional

Fig. 9 Comparison of exit Mach number of � rst pulse solutions for
constant pressure case, varying pressure case, and two-dimensional
solutions.
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boundary condition. By coincidence, it is seen that the constant
pressure boundary condition results in nearly the same length of
choked � ow as the two-dimensional solution. We also clearly note
that the constant pressure solution chokes as soon as the detona-
tion arrives, whereas the variable pressure solution and the two-
dimensionalsolutionremainsubsonicfor some time beforechoking.

The differences between the two-dimensional solution and the
one-dimensional solution with a time-varying boundary condition
are somewhat surprising, but inspection of the one-dimensionalre-
sult indicates that the difference is because of conditions inside the
tube. It is clear that an expansionwave reachestheexit andcausesthe
� ow to unchoke in the one-dimensionalcase. This expansion wave
is absent in the two-dimensionalcase. Comparisons with other two
dimensional results (not shown) for a slightly shorter tube (6 mm)
shows that the exit Mach number is quite sensitive to conditions
inside the tube. The two-dimensional results for the shorter tube
choked only momentarily, not for several tens of microseconds as
in the presentcase. It is speculatedthat the differentchemistrymod-
els used in the one- and two-dimensionalsolutionsresult in a change
in the wave transit time that makes the effective length of the one-
dimensional tube appear shorter. Finally, by referring to the peri-
odic Mach number solutions in Fig. 6, we note that the difference
between the periodic case and the � rst pulse is also quite large. The
Mach numbervariation for the periodic case is (like the shorter tube
two-dimensionalcase) chokedonly momentarily.Thus, the periodic
solution is very different from the � rst-pulse two-dimensional so-
lution. This suggests that some care must be exercised in creating
a general multidimensional correction for one-dimensional solu-
tions. Nevertheless, the overall effect of multidimensional effects
performance is seen to be relatively small for the cases studied, and
the speci� ed pressure condition appears to be a reasonable way to
correct for multidimensional effects.

Conclusions
Three different levels of analysis have been used to investigate

the characteristics of PDEs: zero dimensional, one dimensional,
and two dimensional. These multiple approaches provide comple-
mentary understandingand mutually support each other. The zero-
dimensional results indicate that at vacuum conditions where the
speci� c impulse depends only on the temperature, the effects of
the constantvolume combustion provide no advantage, and the per-
formance of PDEs is essentially identical to that of a rocket en-
gine. At � nite backpressures, the conclusions are more interesting.
When the peak pressure in the PDE is equal to that in the rocket,
its Isp is considerably lower than that of the rocket. If the entire
detonation pressure rise is added to the chamber pressure of the
rocket, the conclusion reverses and the PDE provides considerably
better performance. In general, the two systems become competi-
tive at some intermediate condition. Preliminary one-dimensional
analyses at conditions where the fast acoustic limit of the zero-
dimensionalapproximationappliessuggest that some residualwave
effects still remain, but additional work is needed to quantify this
observation.

Two-dimensional computations that include a large external do-
main show that the local pressure near the exit plane � uctuates
dramatically as the detonation emerges from the tube and gener-
ates a shock in the external � eld. The local pressure initially rises to
around10 atm (for1.0 atm ambientpressure) before falling to nearly
0.7 atm as the shock recedes. The initial high-pressure region de-
lays choking at the exit for some time, whereas the subatmospheric
pressure delays � ow reversal. In general, however, both choking
and � ow reversal occur. The durationof either of these conditionsis
in� uenced by interactions between the internal and external � elds.

Color reproductions courtesy of Sverdrup Technology/AEDC group.

As a means of testing the sensitivity of the open-end boundary
conditionin a one-dimensionalanalysisto multidimensionaleffects,
a time-varyingbackpressurewas obtainedfrom the two-dimensional
results. One-dimensional computations using this boundary condi-
tion were then comparedwith solutionsbasedon a constantpressure
condition. The results indicate that Isp is improved by 3–5% when
the simulated two-dimensionalboundary condition is used. Experi-
ences from a number of one-dimensionalcomputationsof this type
suggest that the increment in performance is relatively sensitive to
the precise pressure distribution used. In particular, care must be
used to discern between an initial pulse and a periodic pulse to be
sure that performance is not stolen from adjacent cycles.

Practical PDE installationswill not allow an isolated detonation
tube without nearby surfaces or adjacent tubes. Consequently, the
present isolated two-dimensional solution gives only an indication
of the level of interference that can be expected. The implications
are that major interference will not be experienced apart from the
obvious problems that occur if tuning is incurred between com-
ponents. Finally, we note that both the zero- and one-dimensional
results indicate that elevated chamber pressures are desirable. This
implies that the exit boundary will be choked over large fractionsof
the cycle and will minimize these external interactions.
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